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Autonomous Coordination of Aircraft Formations
Using Direct and Nearest-Neighbor Approaches

L. Silverberg* and B. A. Levedahl'
North Carolina State University, Raleigh, North Carolina 27695-7901

Two approaches are developed for autonomous coordination of aircraft formations. The development of the
approaches relies on past work in the areas of distributed control (modal, robust, optimal, and decentralized).
The formation coordination problem is divided into a tracking problem (changing the formation) and a regulation
problem (maintaining the formation). How to separate the spatial parts of the tracking problem from the temporal
parts is demonstrated. With respect to the regulation problem, it is shown that the goal of the regulation problem is
to dampen uniformly the motion of the aircraft. It is pointed out that for fuel-optimality the closed-loop damping
factors of the aircraft need to be less than 7/2. Two types of decentralized coordination are examined: direct
coordination (using inertial measurements) and nearest-neighbor coordination (using relative measurements). A
perturbation analysis is developed for the efficient calculation of control gains that minimize power and uniformly
dampen motion. A numerical example illustrates robust formation changes from nine-aircraft (3 x 3) grids to
V-type formations. Why the performance of direct coordination is generally better than the performance of nearest-
neighbor coordination and why implementing direct coordination is simpler than implementing nearest-neighbor
coordination are explained. However, nearest-neighbor coordination can be used in collision avoidance, and so it

must still be considered as a viable option.

I. Introduction

HE autonomous coordination of aircraft formations is an

upcoming control problem of growing importance in the
aerospace industry. The problem represents a relatively new ap-
plication to fundamental issues in distributed control, sensing, and
electronics. The strategies being employed to solve this control prob-
lem build on the already strong foundations that exist in several
primary areas of distributed control, namely, modal control, robust
control, decentralized control, and optimal control. Pioneering work
in modal control was performed by Balas' in 1978 and by Meirovitch
and Baruh? in 1982. A strong framework for robust control of self-
adjoint, distributed-parameter systems was developed by Arbel and
Gupta® in 1981 and by Hale and Rahn* in 1984, and the robust con-
trol problem was applied to modal control by Baruh and Silverberg®
in 1985. Calico and Miller® in 1983 were among the first to formu-
late the decentralized control problem for self-adjoint distributed
systems.

An important outcome of the research in distributed control dur-
ing the 1970s and 1980s was the recognition that modal control,
optimal control, decentralized control, and robust control were not
necessarily conflicting objectives. Modal control was formulated as
a globally optimal control problem by Meirovitch and Silverberg’
in 1986, and the first-order approximation to this globally optimal
control problem was shown to be decentralized by Silverberg® in
1985. This mutually optimal, modal, decentralized, and robust con-
trol was examined in more detail by Silverberg and Morton® in 1989,
by Silverberg!® in 1990, and by Silverberg et al.!! in 1992. The ap-
plication of these results to maneuvering spacecraft was developed
by Baruh and Silverberg'? in 1988 and by Silverberg and Foster'?
in 1990. It was shown that the mutually optimal, modal, decentral-
ized, robust control indicated earlier could uniformly dampen and
uniformly stiffen the modes of vibration of the distributed system
by Silverberg and Washington'*!3 in 1997 and 1999.
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The application of decentralized control to autonomous forma-
tions has received considerable attention. Wolfe et al. used a vor-
tex lattice method and decentralized regulation of a three-plane V
formation.'® The recalculation of the stability derivatives in tight for-
mations was considered by Pachter et al.!” Richards et al. treated the
multiple unmanned aerial vehicle (UAV) task allocation and trajec-
tory planning problem using a single mixed-integer linear program-
ming approach and a trajectory planning approximation approach. '8
Bellingham et al. investigated the problem of UAV fleet coopera-
tive path planning.!® Mehiel and Balas investigated the exponential
stability of swarm formations using two-dimensional discrete-time,
nonlinear, logic-based control algorithms.?’ On the implementation
side, Olsen et al. advanced differential carrier-phase global position-
ing system (GPS) sensing by developing two lighter-than-air vehi-
cles and performing coordinated maneuvers with them.?' On the
aerodynamics side, Frazier and Gopalarathnam developed a theory
on optimal wing lift distributions for aircraft flying in formation.?

This paper presents two basic decentralized strategies for au-
tonomous coordination (tracking and regulation) of aircraft forma-
tions. The strategies developed in this paper place an emphasis on
separating the problem into independent effects at the controls, sen-
sors, and electronics levels, to the extent possible. The first strategy
employs inertial measurements and is termed direct coordination.
The second strategy employs relative measurements and is termed
nearest-neighbor coordination.

In Sec. II the aircraft formation dynamics are described, and in
Sec. 111, the connectivity between aircraft is discussed. In Sec. IV,
the coordination and control problem is set up. In Sec. V, issues as-
sociated with changing the formation are addressed, and in Sec. VI,
the problem of maintaining the formation is formulated. The direct
coordination problem and the nearest-neighbor coordination prob-
lem are formulated in that section. In Sec. VII, a numerical example
is presented that brings out basic features of the autonomous co-
ordination problem, and in Sec. VIII the paper is summarized and
conclusions are given.

II. Aircraft Formation Dynamics

The motion of the ith aircraft is governed by the six equations of
motion,

mOAD = FO i=1,2,... (la)

N

190" + 00 x 199 = M© (1b)
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Fig. 1 Formation coordinate system.

in which m® is mass, F® is the external force, /") is the inertia
matrix about the mass center, 2 is the angular velocity, M@ is the
control moment about the mass center in which three-dimensional
vectors are indicated in bold and where the overdot represents a
differentiation in the tracking coordinates shown in Fig. 1.

Let us express the position of the mass center, the external
force, and the external moment as R® = R(()') +r® FO = Fg” +f0,
and MO =M’ +m® in which nominal quantities are indicated
by the subscript 0 and perturbed quantities are expressed in
terms of nominal coordinates. The velocities and accelerations are
then VO =V 4v® and AD =AY +a® in which a® =y® 4
Q@ x y®, When small perturbations are assumed, the angular ve-
locity is 2@ = QY +w®, where @ =8" in which 8 is a three-
dimensional vector of Euler angles. Substituting these relationships
into Eq. (1) yields the nonlinear equations governing the motion of
the nominal system

m®AY = F9. i=1,2,....n (2a)

N0

190 + 00 x 190 =M (2b)

and the linear equations governing the perturbed system
m® (30 4+ Q) x v0) = O, i=12....n (3)
1960 4+ QF x Tw® +w? x 19) =m® (3b)

in which the nonlinear terms w® x v® and w® x Iw® have been
neglected. These two nonlinear terms can be neglected based on
the assumption that the angular rates are small (The vehicles are
typically rotating but not spinning). Notice that Egs. (2a) and (3a)
govern the translational motion of the aircraft, both the nominal and
the perturbed parts, and that Egs. (2b) and (3b) govern the rotational
motion of the aircraft, both the nominal and the perturbed parts.

The external forces and the external moments are created by
weight, aerodynamic control surfaces, and thrust, written

R =+ P4 )
MY = My M+ a»
PO =1 1D (4o)
m® =m\) +m +ml) (4d)

in which W, A, and Th denote the weight, aerodynamic, and thrust
components. The aerodynamic forces and the thrust depend on the
aileron angles, elevator angles, rudder angles, and throttle setting,

which are collected into the input vector A% = Af)i )+ 6. The
functional dependence of the aerodynamic forces is expressed as

0 . . .o . . - (i) . O]
Fyl =F (Ve vy, 00, 9. Q) Af Ay, A)) (52)

N0

i i i)y i i i AD KO
MY = MG (V. V9. 0. 0. ) AD. AV ALY b

i) _ e (v v o) o) @ A AD AO @
A =Ja (Vo Vo 00, 207, QL Ay Ay, Ay v,

<0

5,00, w", o0, 505" 8" (5¢)

0 _ Oy v o o) 3D A AD AO
my) =m} (V§". V). 00, Q). QAL Ay Ay v,

5,00, WD O 0§ 5’“')) (5d)
and the functional dependence of the thrust forces is
Fit, = Fi (A5, A7, AY) (6a)
Mip, = Mi, (A5 A", AY) (6b)
Fii =Fin (A9 AV A 80,67, 87) (60)
m) = mi, (A0, AL AV 50 57 57)  (6d)

where G)(()’) are the Euler angles associated with the nominal coor-
dinates. Notice in Eq. (5a) that the dependence of the nominal aero-
dynamic force is traditionally represented as a product of %pVOZQS
multiplied by a sum of aerodynamic force coefficients and similarly
that Eq. (5b) is represented as a product of %,o V2 Sb multiplied by a
sum of aerodynamic moment coefficients. A similar representation
is used for Egs. (6a) and (6b).

The closed-loop aircraft system has been divided into a nominal
system represented by Egs. (2a), (2b), (5a), (5b), (6a), and (6b) and
a perturbed system represented by Egs. (3a), (3b), (5¢), (5d), (6¢),
and (6d). The nominal aircraft system is a decoupled set of blocks
of equations associated with each aircraft. The nominal dynamics
of the individual aircraft is neither coupled by the other aircraft nor
affected by the perturbations. Furthermore, the nominal quantities
in Egs. (5¢), (5d), (6¢), and (6d), given that their stability character-
istics are independent of the perturbations, act as disturbances on
the perturbed system. They, too, do not affect the stability character-
istics of the perturbed system. However, depending on the method
of autonomous control, the stability characteristics of the individual
aircraft can be coupled, necessitating the stability characteristics of
the entire formation to be studied.

III. Connectivity Between Aircraft

In view of the preceding section, the coupling between aircraft in
the formation drives the stability of the formation. Thus, the question
arises as to the different ways aircraft can be connected, the issues
associated with the different types of connections, and their impact
on aircraft stability.

A network for autonomously flying aircraft consists of wireless
communication signals and wireless measurement signals. The com-
munication signals are characteristically intermittent, and they can
be transmitted and received with relatively low bandwidth require-
ments. The measurement signals are characteristically continuous
in time analog signals that require more stringent requirements in
speed and bandwidth. There are two types of measurement signals
of interest in formation flying: relative measurements, which are
between aircraft, and inertial measurements, which are between the
aircraft and the reference source, for example, ground and GPS.

The measurement process is essentially a triangulation process.
Robust triangulation is best accomplished by separating the trans-
mitters from the receivers. Well-separated transmitters during trans-
mission and well-separated receivers during reception maximize
robustness in the presence of sensor noise. For example, inertial
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Fig. 3 Block diagram for direct and nearest-neighbor vehicle coordi-
nation: V®, vehicle dynamics; TO, tracking controller; RD, regulation
controller; P(f), temporal functional; rr(P), spatial functional; —,
hardwired signals; - - - -, wireless communication; —-—, wireless mea-
surement; ®, receiver; and @, transmitter.

measurements of aircraft are received from GPS satellite transmit-
ters that are well separated. If relative measurements are needed,
the transmitters on the aircraft need to be well separated. In a planar
system, two transmitters and one receiver on each of the ith and jth
aircraft fully determine the relative position and orientation of the
Jjth aircraft relative to the ith aircraft and the ith aircraft relative to
the jth aircraft (Fig. 2). In a three-dimensional system, three trans-
mitters and one receiver on each of the ith and jth aircraft fully
determine the relative position and orientation of the jth aircraft
relative to the ith aircraft and the ith aircraft relative to the jth air-
craft (communications with V. Perez, System Programmer, Mechan-
ical and Aerospace Engineering, North Carolina State University,
Raleigh, North Carolina). The receiving signals and the transmitting
signals for the measurement process make up a sensing truss, which
possesses stability characteristics that are analogous to the stability
characteristics of the corresponding structural truss (Fig. 2).

The complexity of the network is important, particularly in the
event that failures occur. The methods and procedures for accom-
modating for failures grow in complexity with the complexity of the
network. The question arises to what extent the complexity of the
network can be minimized. The two simplest networks are direct
networks and nearest-neighbor networks. Direct networks use iner-
tial measurements on each aircraft, eliminating the need for relative
measurements, all together. Nearest-neighbor networks designate
at least one aircraft as the leader and the others as the followers.
The leaders receive inertial measurements, and the leaders and the
followers are linked by relative measurements. Direct and nearest-
neighbor networks with one leader are developed in this paper.

Figure 3a shows a block-diagram representation for a direct net-
work. As shown; the ith aircraft receives a wireless measurement
of inertial position and a wireless communication from the refer-
ence source. The other elements of the block diagram will be de-
scribed later. Figure 3b shows a block-diagram representation for a
nearest-neighbor network. As shown, the ith aircraft receives wire-
less measurements from neighboring aircraft of relative position,
transmits a reference signal to neighboring aircraft, and receives a
wireless communication from an external command source. If the
ith aircraft is the leader, a wireless measurement of inertial position
is also received (not shown).

IV. Aircraft Coordination and Control

The aircraft formation problem can be partitioned into two sep-
arate parts: coordination and control. The coordination is the first
level in a two-level hierarchy and is responsible for controlling the
global degrees of freedom (position and orientation) of each of the
aircraft through the resultant external forces and resultant external
moments. The second level of the hierarchy is an aircraft control
problem and is responsible for the conversion of resultant external
forces and resultant external moments into control forces and con-
trol moments. Flight constraints that limit achievable global degrees
of freedom and achievable control forces and control moments are
also imposed at the second level of the hierarchy. This paper pertains
to the first level of the hierarchy, which is largely independent of
the aircraft type, in contrast with the second level of the hierarchy,
which is aircraft specific.

The aircraft formation problem is formulated much like the way
the aircraft vehicle control problems are formulated. The coordi-
nation of the formation is separated into the problem of tracking
the nominal formation (changing the formation) and the problem
of regulating the perturbation in the formation (maintaining the
formation).?? This enables the task of changing a formation and the
task of maintaining a formation to be separated into processes that
are designed independently of each other. The implication is that the
settling time, peak-overshoot, and steady-state error requirements
of the regulation problem can be met independently of the formation
change requirements.

At the coordination level of the hierarchy, the individual air-
craft do not necessarily have to represent independent aircraft. They
can be artificially coupled, producing, effectively, a mass—spring—
damper system that exhibits its own dynamic characteristics. In this
paper, the aircraft are treated both independently and as coupled
mass—spring—damper systems to study the relative merits of these
approaches. The aircraft formation problem that treats the aircraft
independently is called the direct formation problem. It uses inertial
measurements as described in the preceding section. The aircraft
formation problem that treats the aircraft as coupled mass—spring—
dampers is called the nearest-neighbor formation problem. It uses
relative measurements as described in the preceding section.

In Eq. (4), recall that the control force and the control moment
can be written as

FO =Fy +f® (7a)
M =M +m® (7b)

The tracking forces and the tracking moments control formation
changes, and the regulation forces and regulation moments maintain
the formation.

V. Changing the Formation

In certain applications, the interest lies in developing autonomous
formations with as many predetermined formations as possible.
However, it is prohibitive to prerecord each possible formation
change. To enable the aircraft to fly in a large number of possi-
ble formations, the formations can be generated onboard from a set
of elementary formations. The formations would then be generated
by superimposing elementary formations, translating and rotating
the elementary formations, expanding them, etc. Figure 4a shows
a translation and rotation of an elementary formation, and Fig. 4b
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b) Configuration and density change

Fig. 4 Individual and global formation changes.

shows a configuration and density change of an elementary forma-
tion. The particular formations that are coordinated this way are
expressed in terms of just a few parameters. _

The tracking forces F {; ) and the tracking moments Mé’) in Eq. (7)
cause the aircraft to follow the nominal paths R((J’) and Qf)' ). Let
us now separate the positions R(()' ) into spatial and temporal com-
ponents that can be designed independently of each other. This is
accomplished by expressing the nominal position only implicitly as
a function of time and explicitly as a function of space, written

RY =R)(PO1) (8)

in which R\ (P) is the spatial part and P (t) is the temporal part.
Differentiating Eq. (8) twice with respect to time yields

Ay =ROP"" + RV PO ©)

where primes denote derivatives with respect to P and overdots rep-
resent derivatives with respect to ¢. Equation (9) is substituted into
Eq. (2a) for the generation of the tracking forces. The separation of
the tracking force into spatial and temporal parts simplifies the co-
ordination architecture of the formation. This separation enables the
temporal aspects of the formation change, for example, rapid/slow,
to be separated from the spatial aspects of the formation change, for
example, particular initial formation and final formation, reducing
the onboard formation data to a listing of elementary formations.
For example, in a straight formation change, Eq. (8) becomes

Rg)(P) - MmRY) + r(i)R;i) (10a)
pn@ 470 =1 (10b)
P(t) =3(t/T)> — 2(t/T)? (10c)

in which R =[x\ y 217 and R =[x y{" 201" are the
initial position and the final position of the ith aircraft in the for-
mations and where T is the period of the formation change. Equa-
tions (10a) and (10b) prescribe the spatial part of the formation
change separate from the temporal part, which is prescribed by
Eq. (10c).

For the purposes of collision avoidance, it can become necessary
during the formation change to follow paths that are not straight.
For example, a suitable parameterized planar parabolic formation
change is given by (Fig. 5)

(@) @ O _ 0O g

X=Xy Y2 P
ROP) =R+ [0 0 0 0 | [4gPa—P)
0 0 1 0

0<P<1 (1)

(X1 (i),y1 (i)) (Xz(i),yz(i))

Fig. 5 Planar parabolic formation change.

where ¢ is parabolic eccentricity, which represents the ratio of the
height to the length of the parabolic path. Notice that the spatial and
temporal separation enables the designer to prescribe the spatial
path of each aircraft, given by Egs. (10a) and (10b) or by Eq. (11),
independent of the temporal changes, given by Eq. (10c).

Once the nominal path R(()’ ) is prescribed, the nominal orientation
(~)(()’) follows as a constraint. In fact, the aircraft control inputs (at
the second level of the hierarchy) generate the orientation and the
path in Egs. (2a) and (2b).

VI. Maintaining the Formation

The general regulation problem is a non-full-dimensional control
problem in which the number of control inputs is less than the num-
ber of degrees of freedom (translational and rotational). Never the
less, when the aircraft is sufficiently maneuverable, the rotational
degrees of freedom can be prescribed sufficiently fast to enable the
aircraft to follow any desirable nominal path, at least in theory. In
such cases, the aircraft formation can be regarded as a mass—spring—
damper system at the first level of the hierarchy, decoupled from the
rotational problem associated with rotational inertia. The aircraft
formation problem, in this case, is associated with the translational
motion of the aircraft, which is described in Egs. (3a). Equation (3a)
is rewritten as

mOF0 = O _ m”’[Qg) x 1 1208 x 0+ Q) x (2 x r?)]
(12)

The right side of Eq. (12) represents a full-dimensional regulation
force vector fr, where the terms in brackets are negligible when
the angular velocities of the nominal system are sufficiently small
(although that is not necessary).

The regulation problem can be formulated as an optimal control
problem, as a direct control problem, as an independent modal space
control problem, or as a robust control problem.?? Regardless of the
manner in which the problem is formulated, it has been shown that
an effective full-dimensional control problem can be formulated
that is direct, with modes that are controlled independently of the
other, with insensitivity to errors in the physical parameters, and
with dynamic performance that is globally optimal.® The globally
optimal solution uniformly dampens the system. These results also
suggest that the aircraft formation problem should be formulated
either as a direct coordination problem or as a nearest-neighbor
coordination problem, depending on the types of sensors that are
used. The question arises as to their relative merits.

Direct coordination can be implemented when each aircraft is
equipped with inertial sensors, and nearest-neighbor coordination
can be implemented when one or more of the aircraft (the leaders)
is equipped with inertial measurements and the remaining aircraft
(the followers) are equipped with relative measurements. Because
nearest-neighbor coordination uses relative measurements, and be-
cause relative measurements can also be used for collision avoid-
ance, nearest-neighbor coordination represents an important option
to consider.

Direct Coordination

The use of direct coordination raises questions associated with
the global behavior of the formation and the fuel optimality of the
coordination, given that direct coordination is a constrained form of
coupled coordination. It has been shown in the earlier cited refer-
ences, however, that uniform damping of the associated modes of
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vibration of a mass—spring—damper system can be implemented in
a direct manner, that uniform damping is fuel optimal, and that uni-
form damping does not require knowledge of the modal behavior of
the system. In the case of aircraft formation coordination, because
the control actuation is mapped to the desired movement through
control surface deflections, the fuel optimality constraint minimizes
the control surface movements and reduces extreme aircraft move-
ments to maintain formation. The control algorithms associated with
uniform damping can also be expressed in terms of just a few pa-
rameters.

First consider the direct implementation of uniform damping. The
uniform damping and stiffening algorithm is'*

V= —2am Vi — (@ + pHmOr® (13)

in which « is the uniform closed-loop decay rate of the ith aircraft
and g is the uniform closed-loop frequency of oscillation of the ith
aircraft. The closed-loop decay rates can be selected to dampen 90%
of the error over the settling time 7}, in which case the closed-loop
decay rate is expressed in terms of the settling time as @ = (n(10)/ 7.
The closed-loop response of the ith aircraft is then

0 = e {r cos(BD) + (1/B)[#) +ar]sin(Bn}  (14)

When the settling time is held constant, it can be shown that the
control effort

o= [l
0

associated with the ith aircraft is minimized when BT, = /2.
This solution does not take into account the desire to control
peak overshoot. Peak overshoot requirements can further increase
the closed-loop frequency B of the ith aircraft, depending on
the admissible set of disturbances. It follows that the optimal re-
sponses of aircraft flying in a formation are underdamped and that
/B =2n(10)/m = 1.5 provides an upper bound. The direct co-
ordination problem formulated earlier is also extremely robust. It
can be shown that the stability of the aircraft is independent of the
physical properties of the aircraft.

Nearest-Neighbor Coordination

When nearest-neighbor coordination is used, the designer’s first
task is to specify the connectivity between the aircraft, that is, its
nearest neighbors. Furthermore, the designer needs to specify the
leaders and the followers. The leaders are the aircraft equipped
with inertial measurements. The followers are equipped with rela-
tive measurements between nearest neighbors (connectivity). Con-
sider the case in which there is one leader. Let the leader be
designated by the subscript 1 and the followers designated by
the subscripts 2, 3, ..., 3n. The associated connectivity matrix is
C(, j),i,j=1,...,3n,in which the ith row is associated with the
ith aircraft, the jth entry in the ith row is 1 (or 0) if the jth aircraft
can (or can not) measure relative to the ith aircraft. The number
of 1s in the matrix represents the number of one-way connections.
Note that it is not necessary that C be symmetric, that is, a designer
can design a jth aircraft that can measure relative to the ith aircraft,
whereas the ith aircraft can not measure relative to the jth aircraft,
for example, aircraft that can only see ahead and not behind. How-
ever, when C is symmetric, the connections are each two-way and
the feedback emulates a mass—spring—damper system. The nearest-
neighbor linear regulation algorithm can be expressed as

fr = —Ggrr — Hgr (15)

in which r=[rT F@T _  p®T]T i the configuration vector
of the formation, f = [f}"" ,({Z)T .. fIT17 is the coordination
force vector of the formation, and G g and Hy are 3n x 3n symmet-
ric displacement gain and velocity gain matrices. In two dimensions,
Gpr and Hy are 2n x 2n.

The aircraft can be connected in a variety of ways; the best way to
connect the aircraft is a matter of optimization. The connectivity ma-
trix is associated with a specific pair of initial and final formations,

each of which could be constructed from elementary formations, as
developed earlier. For a given pair of initial and final formations, an-
other consideration is associated with the stiffness of the associated
connectivity. Because a follower is connected to the leader through
more intermediary aircraft, its inertial position is known less di-
rectly, and the control of the motion of that aircraft based on relative
information becomes more and more difficult. To circumvent this
problem, the number of connections between the aircraft can be in-
creased and/or the number of leaders can be increased. Of course, an
increase in the number of connections and an increase in the number
of leaders accompany increases in measurement complexity.
Substituting Eq. (15) into Egs. (12) yields the closed-loop system,

M + Hgi + Ggr =0 (16)

in which M is the symmetric mass matrix of the formation. The
symmetric nearest-neighbor coordination problem just formulated
is extremely robust. It can be shown that global stability of the
aircraft is guaranteed for positive control gains, independent of the
physical properties of the aircraft.

Perturbation Analysis for Nearest-Neighbor Coordination

The question arises how to select the control gains in Eq. (16).
The goal is to select control gains that uniformly dampen the motion
to the extent possible, recognizing that uniform damping of the
modes minimizes the required control authority of the actuation and
maximizes the global dynamic performance of the formation. The
nearest-neighbor control is constrained by the connectivity, which
complicates the problem. To overcome this, first express the control
gains as

N
G = ngBk (17a)
k=1
N
He =Y By (17b)
k=1
in which g; and hy, k=1,2, ..., N, are positive control gains, N

is the number of connections, and By is the 3n x 3n connectiv-
ity matrix associated with the kth two-way connection. Stability is
guaranteed provided g; >0 and A, > O regardless of the physical
parameters of the aircraft.

A first-order perturbation analysis is now used to calculate ac-
curately the control gains. The eigenvalue problem associated with
Eq. (16)1is [srzM ~+ s, Hg + Grlep, =0, in which s, is the rth system
eigenvalue and ¢, is the rth system eigenvector. The eigenquantities
can be expressed as®*

s, = Soj + 15, P =Po; T P1;

GR = GROa HR = HR] (18)
in which O denotes a nominal quantity and 1 indicates a pertur-
bation (not to be confused with nominal quantities and perturbed
quantities associated with the aircraft). The displacement gain ma-
trix is regarded as a nominal quantity and the velocity control gain
matrix is regarded as a perturbation. The nominal system becomes
the symmetric mass—spring system, and the perturbed system in-
cludes the damping. This division of responsibilities enables the
peak-overshoot requirements and the settling-time requirements in
the nearest-neighbor coordination problem to be separated. The dis-
placement control gain matrix is first determined to satisfy the peak-
overshoot requirements followed by the determination of the veloc-
ity control gain matrix to satisfy the settling-time requirements,
which will be done momentarily. Substituting the eigenquantities in
Eq. (18) into the eigenvalue problem, premultiplying the result by
L., invoking the modal orthonormality conditions (¢l M ¢, ; = 0ij
and ¢! G RPo; = B28;)), and neglecting second- and higher-order
terms yields

o = %SO(T);'HRSD()I' 19)
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in which so; =i and s;; = —¢; so that «; is the closed-loop decay
rate of the ith mode of the system. Equation (19) is a set of linear
algebraic equations. The number of equations is equal to the number
of degrees of freedom 3n (2n for two-dimensional systems), and
the number of unknowns N is equal to the number of connections.
Substituting Eq. (17b) into Eq. (19) yields

o = Dh (20a)
Dix = 500 Bipoi (20b)

in which oo =[e; o ... as,]" is the 3n-dimensional vector of
approximate modal decay rates and h=[h, h, ... hn]T is the
N-dimensional vector of velocity feedback gains that we wish to
determine. In the following, the matrix D can be full rank or rank
deficient without loss of generality. (If D is not full rank, the re-
sults can be modified using a singular-value decomposition, but for
brevity this modification is omitted from the discussion.?>) When the
number of degrees of freedom is less than or equal to the number of
connections and D is full rank, the weighted minimum norm solution
of Eq. (20) ish=W~'DT(DW~'D)"'a in which W isan N x N
weighting matrix and the weighted norm squared is J =h” Wh.
When the number of equations is equal to the number of connec-
tions and D is full rank, a simple inverse of Eq. (20) yields the
solution 2= D~'a. When the number of degrees of freedom is
greater than the number of connections and D is full rank, no exact
solution to Eq. (20) exists, and we resort to approximate solutions.
The case of more degrees of freedom than connections arises from
the desire to limit the number of signals detected by the wireless
receivers on the aircraft. There are several possible approximate so-
lutions to Eq. (20) that can be obtained. The weighted least-squares
solution, given by k = (DT W D)~! DT W o, minimizes the weighted
error ¢ = (Dh — a)T W(Dh — o). The weighting matrix W can be
used to study different solutions. For example, a weighting matrix
of the form W =diag(1, 2, 4, ...) would place more emphasis on
the connections that are farther from the leader.

More than minimizing the error, solutions can be obtained that
also penalize the deviation from uniform damping. Consider the
functional

J = (a1l — )" Wy(al — @) + k" W,h 1)

where1=[1 1 117, W, is a 3n x 3n weighting matrix associ-
ated with the non-uniformity of the decay rates and W, isan N x N
weighting matrix associated with the control effort. The first term in
Eq. (21) is a penalty associated with nonuniform damping, and the
second term penalizes the control effort. Minimization of Eq. (21)
yields

h=ao[D"W,D+W,] D'W,1 22)

Notice that Eq. (22) does not require that D be full rank, unlike
the weighted minimum-norm solutions and the weight least-squares
solutions given just after Eq. (20). This makes Eq. (22) particularly
easy to use.

The control gains for nearest-neighbor coordination are deter-
mined in two independent steps. The displacement feedback gains
are first determined based on peak-overshoot requirements (if any),
and then the velocity feedback gains are determined based on
settling-time requirements using Eq. (22).

VII. Numerical Example

The following example consists of a formation of nine aircraft
that initially forms a planar 3 x 3 grid, and changes into a pla-
nar V-shaped formation. The number of degrees of freedom is 18
(n=9). Each aircraft is an A-4D Skyhawk. The drag coefficient is
Cp =0.03, the Mach number is M = 0.4 (at sea level), the weight
is mg = 17,578 1b, the wing span is b =27.5 ft, and the wing area
is § =260 ft> (Ref. 26).

The tracking problem is first treated. Straight formation changes
were first attempted, and aircraft 5 and 9 nearly collided during
the formation change. Parabolic formation changes were then used,

5 T . ‘ . : ‘
— actual path
D7) P N T S desired path
o actual final position
3 » desired final position ||

y-direction (x 500 ft.)
[en]

®5 4 3 2 1 0 1 2 3 4 5

x-direction (x 500 ft.)

Fig. 6 Ideal open-loop formation change.

as shown in Fig. 6. To avoid collisions, the parabolic eccentrici-
ties were specifiedtobe g1 =g, = q3 =q4 =q6 = q3 =0, 95 = —0.2,
g7 =—0.1,and g9 = 0.1. Although not performed here, the parabolic
eccentricities could have been determined more optimally to maxi-
mize the separation between the aircraft over the time of the forma-
tion change and the lengths of the associated arcs. Also, notice that
the actual paths of the aircraft and the desired paths of the aircraft are
coincident in Fig. 6 because no disturbances have been introduced
yet.

Next, a wind disturbance is introduced, and the combined track-
ing and regulation problem is treated. As mentioned earlier, the
closed-loop frequency is determined by peak-overshoot require-
ments, which in turn depend on an admissible set of disturbances.
For the purposes of this numerical example, assume that the sep-
aration distance in the 3 x 3 grid is A =8b (=500 ft), that a
strong initial wind gust changes the velocity of the aircraft by
vy, =10 kn (0.0375M), and that the minimum separation distance
is required to be (1 — u)A =450 ft, where u is a separation fac-
tor (u=0.1). The period of the formation change was set to 30 s
(where o =0.0767 rad/s), which corresponds to changes in aircraft
velocities on the order of 45 kn. The settling time was set equal to
the period of the formation change to reduce 90% of the tracking
error by the time the formation change was completed.

Direct Coordination

Given the preceding parameters, the required closed-loop fre-
quency associated with each aircraft is 8 =v,,/(tA) ~0.33 rad/s.
The closed-loop damping factor becomes o/ = 0.23, which is
less than the upper bound of 1.5. The control gains are given
in Eq. (13) by g =g = (a® + >)m® =62.7 Ib/ft and h =h" =
2am® =83.8 1b - s/ft. Figure 7 shows the formation change with an
unusually large initial wind gust that changes the velocity of the air-
craft by v,, =38 kn at 45 deg occurring when the formation change
was initiated. Notice that the overshoot of the error is within four
times of A, as expected. The closed-loop eigenvalues are given in
Table 1.

Nearest-Neighbor Network

The formation was connected using the connectivity shown in
Fig. 8. Aircraft 2, is the leader, and aircraft 1 and 3-9 are the follow-
ers. The matrix D in Eq. (20) was first calculated. Despite setting
the number of connections equal to the number of degrees of free-
dom, D was not full rank. However, the optimal solution given by
Eq. (22) did not require D to be full rank, so this did not present
a difficulty. In Eq. (22), the weighting matrices are W, = I,, (the
identity matrix) and W, = nly, where 7 is a scalar weighting factor.



SILVERBERG AND LEVEDAHL 475

Table 1 Eigenvalues of closed-loop systems

Connection Eigen value

Direct —0.0767 £0.3300:*

—0.0749 £0.6735i
—0.0749 £0.6735i
—0.0772 £0.6146i
—0.0772 £0.6146i
—0.0723 £0.5862i
—0.0723 £0.5862i
—0.0581 £ 0.5026i
—0.0581 £0.5026i
—0.0465 £ 0.4482i
—0.0465 £ 0.4482i
—0.0224 £0.3297i
—0.0224 £0.3297i
—0.0138 £0.2661i
—0.0138 £0.2661i
—0.0023 £0.1146i
—0.0023 £0.1146i

Nearest neighbor

—0.0010£0.0816i
—0.0010£0.0816¢
2For all 18 values.
5 . . : :
—— actual path
7 e S desired path
o actual final position
3 » desired final position ||
2 2 \
g \
B 1 \
0
S d
5. /
8 -1 " ( 7
= wind / ;
T 5 L..direction
$\ -2 dll CotivunrT
-3
-4
-5

5 4 3 2 1 0 1 2 3 4 5
x-direction (x 500 ft.)

Fig. 7 Direct formation change in an initial wind gust.

DA
d ® ©
O @ @

Fig. 8 Open connectivity.

The displacement feedback gains for nearest neighbor coordination
were set equal to the displacement feedback gains for the direct coor-
dination, that is, g, = g for each k. Of course, in direct coordination
each aircraft is directly connected to the nominal path, whereas in
nearest-neighbor coordination each aircraft is connected to its near-
est neighbors. These differences are expected to be observed in the
results. The velocity feedback gains were determined from Eq. (22),
which is a linear approximation. The accuracy of the approximation
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Fig. 9 Verification of accuracy of perturbation analysis.
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was first examined in Fig. 9 over a range of damping factors. In
Fig. 9, . is the vector of exact decay rates that are obtained from
the closed-loop eigenvalue problem associated with Eq. (16) and w
is the fundamental frequency of the system. Figure 9 shows that the
approximation is accurate over the damping ratios o /w of interest.

In this example, the level of nonuniformity of the decay rates was
examined over a range of damping ratios and for different weighing
parameters 7. As shown in Fig. 10, the level of nonuniformity does
not depend on the damping ratio, and it increases with n. Figure 11
shows the control effort over a range of damping ratios and for dif-
ferent weighing parameters 7. Like the nonuniformity in Fig. 10, the
control effort does not depend on the damping ratio, but it decreases
with increasing 7.
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Fig. 13 Nearest-neighbor formation change in an initial wind gust.

Figures 12 shows that there is a practical nonzero minimum level
of nonuniformity that is attainable, even when the control effort is
allowed to increase to a prohibitively high level. The limit is a result
of the rank deficiency of D. Table 1 shows that the nonuniformity in
Fig. 12 is dominated by the lowest mode of vibration, which damps
out at a lower rate than the other modes.

Figure 13 shows a formation change in which a wind gust causes
the initial aircraft velocity to change by v,, = 19 kn, which is about
one-half the size of the disturbance used for direct coordination
(Fig. 8), although still quite large. The weighting parameter was set
to n =0.001, a very low value aimed at weighting uniformity over
control effort (Fig. 12). Notice in Fig. 13 that the motion settled
out in the specified time. The peak overshoot in the response was
larger than the overshoot found in Fig. 8 for direct coordination,
despite the smaller initial gust. The degradation in performance
was smallest near the leader and was greatest in the back of the
formation. As a general trend, the deviations of the final positions
of the aircraft from the desired positions increase as the aircraft
are farther from the leader. The relative displacement and velocity
measurements become less effective feedback variables when they
are located farther back in the formation.

VIII. Summary

Two important approaches to autonomous coordination of air-
craft formations were studied. Well-known separation principles
used in aircraft design were applied to the problem of coordinat-
ing formations. Both approaches are scalable to formations having

a large number of aircraft. Separation principles were employed
for 1) formation coordination and aircraft control, 2) signal trans-
mission and reception, 3) tracking and regulation, 4) spatial and
temporal tracking, 5) stiffening and damping, and 6) decentralized
feedback connections (direct and nearest neighbor). In particular,
the aircraft formation problem was separated into a two-level hier-
archy associated with formation coordination and individual aircraft
control. The focus of this paper was on the autonomous aircraft for-
mation coordination problem. Equations (2) and (3) showed how
to separate the autonomous formation coordination problem into
a tracking problem and a regulation problem. Equation (8) further
showed how to separate the tracking path into a spatial part and a
temporal part. A straight path and a parabolic path were illustrated
in Egs. (10a—10c) and Eq. (11). It was then shown how to separate
stiffening and damping in Eq. (13) for direct coordination and in
Eq. (16) for nearest-neighbor coordination. In Egs. (21) and (22),
a simple way was developed to obtain control gains for nearest-
neighbor coordination. In addition, the following conclusions about
the relative merits of direct coordination and nearest-neighbor co-
ordination were drawn:

1) Direct coordination is the preferred of the two approaches when
the weight requirements of the inertial sensors are satisfied (which
is difficult in microaerial aircraft) and when a reference source is
available nearby, that is, when a reference signal of sufficiently low
noise is available.

2) For fuel optimality, the closed-loop damping factors in the
formation are bound from above by about 1.5.

3) Nearest-neighbor coordination could potentially be preferred
when relative measurement information is desirable, for example,
for collision avoidance.

4) The direct coordination approach is suited to short-distance
problems where differential corrections are available.

5) The nearest-neighbor coordination approach is suited to long-
distance problems, where differential corrections are not available.

6)When relative measurements are used, caution should be exer-
cised because position errors propagate from the leader toward the
back of the formation. Although not shown in the paper, this can be
prevented by interspersing leaders throughout the formation.

Also several topics were introduced that would benefit from fur-
ther study. Sets of elementary formations that possess attractive
properties have not been developed, nor has a strategy for aircraft
connectivity that minimizes tracking paths and maximizes separa-
tion distances between aircraft. This paper also was confined to two-
way connections and single leaders; unanswered questions remain
about the viability of one-way connections and the use of multiple
leaders. Additional case studies showing the ability of flight control
systems to maintain nominal conditions would also be useful.
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